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ABSTRACT
We have developed a novel Markov Chain Mote Carlo (MCMC) chemical ”painting”
technique to explore possible radial and vertical metallicity gradients for the thick
disc progenitor. In our analysis we match an N-body simulation to the data from
the Apache Point Observatory Galactic Evolution Experiment (APOGEE) survey.
We assume that the thick disc has a constant scale-height and has completed its
formation at an early epoch, after which time radial mixing of its stars has taken
place. Under these assumptions, we find that the initial radial metallicity gradient of
the thick disc progenitor should not be negative, but either flat or even positive, to
explain the current negative vertical metallicity gradient of the thick disc. Our study
suggests that the thick disc was built-up in an inside-out and upside-down fashion, and
older, smaller and thicker populations are more metal poor. In this case, star forming
discs at different epochs of the thick disc formation are allowed to have different
radial metallicity gradients, including a negative one, which helps to explain a variety
of slopes observed in high redshift disc galaxies. This scenario helps to explain the
positive slope of the metallicity-rotation velocity relation observed for the Galactic
thick disc. On the other hand, radial mixing flattens the slope of an existing gradient.
Key words: Galaxy: disc — Galaxy: kinematics and dynamics — methods: numerical
1 INTRODUCTION
The Milky Way’s thick disc was originally identified from
the analysis of star counts as a function of the vertical height
(Yoshii 1982; Gilmore & Reid 1983). This traditional defini-
tion of the thick disc corresponds to a geometrically-defined
thick disc (e.g. Robin & Creze 1986; Yamagata & Yoshii
1992; Reid & Majewski 1993; Juric´ et al. 2008). On the
other hand, high-resolution spectroscopic studies of the solar
neighbourhood stars show two sequences in the α-element to
⋆ E-mail: d.kawata@ucl.ca.uk
the iron abundance ratio, [α/Fe], as a function of the iron
abundance, [Fe/H] (e.g. Fuhrmann 1998; Prochaska et al.
2000; Feltzing et al. 2003). The higher [α/Fe] sequences is
usually considered as a chemically-defined thick disc. The
chemically defined thick disc could be different from the
geometrically-defined thick disc (Minchev et al. 2015) (see
also Kawata & Chiappini 2016, for a discussion about the
various definitions of thick and thin discs). It is now con-
firmed that a similar high-[α/Fe] sequence exists over a
large radial and vertical range of the Galactic disc (e.g.
Nidever et al. 2014; Hayden et al. 2015). From the Gaia-
ESO survey, Mikolaitis et al. (2014) analysed the radial
© 2017 The Authors
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metallicity gradients of the chemically-defined thin and
thick disc populations within the region at 6 < R < 12
kpc and |z | < 0.6 kpc. They found that the chemically-
defined thick disc shows no radial metallicity gradient (see
also Allende Prieto et al. 2006), but a shallow negative ver-
tical metallicity gradient. This indicates that the chemi-
cal properties of the chemically-defined thick disc are well
mixed radially, but maintain a negative vertical gradient (see
also Bensby et al. 2011; Nidever et al. 2014; Hayden et al.
2015). Comparing the spectroscopically derived stellar pa-
rameters with theoretical isochrones, Haywood et al. (2013)
analysed the stellar ages for chemically-defined thick and
thin discs. In general, the chemically-defined thick disc stars
are older than the chemically-defined thin disc stars (see
also Bergemann et al. 2014; Masseron & Gilmore 2015). Al-
though some young high-[α/Fe] disc stars are also found
(Chiappini et al. 2015; Martig et al. 2015), some of them are
likely to be blue stragglers (e.g. Jofre´ et al. 2016; Yong et al.
2016) and their origin is still debated. Therefore, in this pa-
per, we consider that the chemically-defined thick disc stars
are generally old, and define our thick disc as the chemically-
defined old thick disc.
Advanced analysis of spectroscopic data starts to re-
veal the radial metallicity gradients of disc galaxies at z ∼
1 − 3, which is likely the formation epoch for the thick disc.
Yuan et al. (2011) found a very steep radial metallicity gra-
dient of −0.16 ± 0.02 dex kpc−1 for a lensed disc galaxy at
z = 1.49. Jones et al. (2013) also reported two out of four
lensed rotation-dominated galaxies observed at z ∼ 2 show-
ing radial metallicity gradients steeper than −0.2 dex kpc−1.
If the thick disc of the Milky Way had this steep metallic-
ity gradient, there must be some mechanism to flatten this
gradient (without heating the thin disc component) in order
to explain the current lack of a radial gradient in the Milky
Way’s thick disc.
Interestingly, observations of more disc galaxies at
high redshift show a variety of the gradients, including
a significant fraction of galaxies with a flat metallicity
gradient (Swinbank et al. 2012; Leethochawalit et al. 2016;
Wuyts et al. 2016), and some positive ones (e.g. Cresci et al.
2010). Wuyts et al. (2016) analysed radial gradients of 180
KMOS3D near-infrared integral-field-unit (IFU) data at z =
0.6 − 2.7, and found that most of their galaxies show flat
radial metallicity gradient within uncertainties. Only 15 out
of 180 galaxies show a radial metallicity gradient that is sig-
nificantly negative (13 galaxies) or positive (2 galaxies).
The evolution of radial metallicity gradients should pro-
vide strong constraints on disc formation scenarios (e.g.
Gibson et al. 2013), and therefore it is important to com-
pare gradients of different age populations of the Milky
Way with Milky Way-like disc galaxies at different red-
shifts. However, it is not straightforward to infer initial
metallicity distribution for mono-age populations at the
time they formed, from the current Galactic metallicity
distribution as a function of age, because radial mixing
can alter the distributions (e.g. Scho¨nrich & Binney 2009;
Minchev et al. 2014; Grand et al. 2015; Kawata et al. 2017).
Following Kawata et al. (2017), we refer to “radial mix-
ing” to describe the overall radial re-distribution due to
both “churning” and “blurring” (Scho¨nrich & Binney 2009;
Scho¨nrich & McMillan 2017). Churning indicates the change
of angular momentum of stars, and blurring describes the
radial re-distribution of stars due to their epicyclic motion.
Churning can be split into two mechanisms, “radial scat-
tering” and “co-rotation radial migration”. Radial scattering
describes the change of angular momentum with kinematic
heating, i.e. the increase in random energy of the orbit. This
includes heating from mergers and satellite bombardment
(e.g. Toth & Ostriker 1992; Bird et al. 2012). On the other
hand, co-rotation radial migration indicates a gain or loss of
angular momentum of stars at the co-rotation resonance of
the spiral arms (Sellwood & Binney 2002) or bar, and does
not involve significant kinematic heating.
As mentioned, the Milky Way’s thick disc has a flat
radial metallicity gradient. The main question addressed in
this paper is, what range of radial metallicity gradients is
plausible for the progenitor of the Milky Way’s thick disc
when it formed at high redshift. We use an idealised N-body
simulation model for the thick and thin discs, where the
thick disc formed at an early epoch, 8 Gyr ago, and experi-
enced radial mixing due to bar and spiral arms developed in
the thin disc. To limit the complexity of the simulation and
highlight the effects of radial mixing, our numerical experi-
ment does not include the growth of the thin disc. We also as-
sume a constant scale-height for the thick disc, independent
of radius, for simplicity. Within these assumptions, we intro-
duce a novel Markov Chain Monte Carlo (MCMC) painting
technique which assigns metallicity tags to N-body particles
by exploring the possible radial and vertical metallicity gra-
dients before they suffered from radial mixing, attempting
to fit the current metallicity distribution of the Milky Way’s
thick disc observed by the Apache Point Observatory Galac-
tic Evolution Experiment (APOGEE) at different radii and
vertical heights (Hayden et al. 2015).
The formation of the thick disc is expected to have
had been completed at an early epoch, before the thin
disc starts growing, as suggested by cosmological simula-
tions (e.g. Brook et al. 2004, 2006, 2012; Bird et al. 2013;
Stinson et al. 2013; Minchev et al. 2013, 2015; Grand et al.
2016). These simulations also suggest that the thick disc
formed in an inside-out and upside-down fashion, i.e. the
early thick disc was smaller and thicker (e.g. Brook et al.
2006, 2012; Bird et al. 2013; Minchev et al. 2015). Using two
components for the thick discs, a thicker, smaller one and
a thinner, larger one, we also qualitatively study how the
inside-out and upside-down formation of the thick disc af-
fects the possible metallicity distribution of the thick disc
progenitor. Section 2 describes briefly the numerical simula-
tion code and numerical models. In Section 3, we present our
results. A summary and discussion of this study is presented
in Section 4.
2 METHOD AND MODELS
We use our original Tree N-body code, GCD+
(Kawata & Gibson 2003; Kawata et al. 2013) for the
numerical experiments presented in this paper, and model
the evolution of a barred disc galaxy similar in size to the
Milky Way. We initially set up an isolated disc galaxy which
consists of stellar discs, with no bulge component, in a
static dark matter halo potential (Rahimi & Kawata 2012;
Grand et al. 2012; Kawata et al. 2017). A live dark matter
halo can respond to the disc particles by exchanging angular
MNRAS 000, 1–13 (2017)
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momentum. However, if not properly modelled, a live dark
matter halo may introduce some numerical scattering
and heating (e.g. D’Onghia et al. 2013). In the interest of
performing a more controlled experiment and reducing the
computational burden, we use a static dark matter halo.
We use the standard Navarro-Frenk-White (NFW) dark
matter halo density profile (Navarro et al. 1997), assuming
a Λ-dominated cold dark matter (ΛCDM) cosmological
model with cosmological parameters of Ω0 = 0.266 = 1−ΩΛ,
Ωb = 0.044, and H0 = 71kms
−1Mpc−1:
ρdm =
3H2
0
8πG
Ω0 −Ωb
Ω0
δc
cx(1 + cx)2 , (1)
where
c =
r200
rs
, x =
r
r200
, (2)
and
r200 = 1.63 × 10−2
(
M200
h−1M⊙
) 1
3
h
−1kpc, (3)
where δc is the characteristic density of the profile
(Navarro et al. 1997), r is the distance from the centre of
the halo and rs is the scale radius. The total halo mass is set
to be M200 = 1.2 × 1012M⊙ and the concentration parameter
is set at c = 14. The halo mass is roughly consistent with re-
cent estimates of the mass of the Milky Way (e.g. McMillan
2011; Bland-Hawthorn & Gerhard 2016).
The stellar disc is assumed to follow an exponential sur-
face radial density profile and sech2 vertical density profile:
ρd =
Md
4πzdR
2
d
sech2
(
z
zd
)
exp
(
− R
Rd
)
, (4)
where Md is the stellar disc mass, Rd is the scale length
and zd is the scale height. In this paper, we consider two
thick disc components and one thin disk component. The
model parameters are summarised in Table 1. The first
thick disc component (thick1) is smaller and thicker than
the 2nd thick disc component (thick2). The rationale be-
hind these two thick disc components is explained later. In
Table 1, Np is the number of particles for each component.
This model has 10,000 M⊙ for each particle. We apply the
spline softening suggested by Price & Monaghan (2007). We
set a softening length of 341 pc (the equivalent Plummer
softening length is about 113 pc). To relax the initial sys-
tem, we ran a simulation for 2 Gyr, moving randomly se-
lected particles azimuthally, which suppresses the develop-
ment of non-axisymmetric structures (McMillan & Dehnen
2007). We then run the simulations for 8 Gyr which roughly
corresponds to the age of the thin disc of the Milky Way.
Note that the time of t = 0 in this paper indicates the start-
ing time of this 8 Gyr simulation using the the end-product
of the relaxing run as initial conditions. The N-body sim-
ulation is similar to the simulation in Kawata et al. (2017)
where we discuss that numerical heating is negligible in this
simulation setting.
The simulation of the 8 Gyr evolution of the system
mimics the evolution history of the Galactic disc after the
thick disc formed. For simplicity, we set a thin disc already
fully grown from the start, ignoring its growth. This is too
simplistic, but we are interested in the effect of radial mixing
driven by the thin disc on the thick disc stars. To focus on
radial mixing driven by non-axisymmetric structures in the
thin disc, we do not include mergers or tidal interaction with
the sub-halos or satellite galaxies. This assumption could be
justified for the Milky Way, since there is ample observa-
tional evidences that the Milky Way has had a quiescent ac-
cretion history (e.g. Ruchti et al. 2014; Deason et al. 2017).
If there was a merger which was violent enough to induce
a strong phase mixing of disc stars after they formed, we
expect that it would be difficult to maintain the observed
negative metallicity gradient of the thick disc and mono-age
populations of the Galactic disc (see also Xiang et al. 2015;
Ciuca˘ et al. 2017), because strong mixing would erase the
gradient.
Two component thick discs allow us to explore the
inside-out and upside-down formation scenario of the thick
disc (e.g. Brook et al. 2004; Bird et al. 2013). We set the
thick1 disc being heavier than the thick2 disc. This mimics
a scenario that the thick1 disc has grown before the thick2
disc formed, and the thick2 disc represents the latest gen-
eration of the thick disc. We study what radial and vertical
metallicity gradients these two thick disc components should
”originally” have had by comparing with the APOGEE ob-
servations of metallicity distribution function (MDF) at dif-
ferent Galactocentric radii and height (Hayden et al. 2015).
3 RESULTS
Fig. 1 shows the evolution of the simulated galaxy. The sys-
tem fully develops a central bar by t = 3.0 Gyr, because
of the dominated stellar mass compared to the dark matter
mass in the central region. Fig. 1 shows that both thick disc
components also develop a bar, although it is rounder than
the thin disc one. This is consistent with what is shown
in Bekki & Tsujimoto (2011); Kawata et al. (2017). Fig. 2
presents the angular momentum change between t = 0 and
t = 8 Gyr, i.e. churning which includes both radial scatter-
ing and co-rotation radial migration. As expected, churn-
ing is relatively stronger for the thin disc than the thick
discs. However, there are significant churning in both the
thick1 and thick2 discs. Because the thick2 disc is kinemat-
ically colder than the thick1 disc, more significant churning
can be seen in the thick2 disc than in the thick1 disc (cf.
Solway et al. 2012).
Fig. 3 shows the radial profile of the cumulative spe-
cific angular momentum, L/M, surface density, Σ, root mean
square (RMS) of the height, < z2 >1/2, and velocity disper-
sions of the radial, σR, azimuthal, σφ, and vertical, σz, direc-
tions for the thin (blue), thick1 (black) and thick2 (red) disc
components at t = 0 (dotted lines) and 8 (solid lines) Gyr.
Due to bar formation, all disc particles in the radial range
plotted in Fig. 3 lost angular momentum so the surface den-
sity is more centrally concentrated at t = 8 Gyr. There is a
slight increase in surface density in the outer disk R > 8 kpc
especially for the thick1 disc. This is because thick1 disc
was initially the most compact component, and more stars
gained angular momentum compared to the other compo-
nents as seen in the top panel. Hence, radial mixing driven
by a larger disc component can result in radial expansion of
MNRAS 000, 1–13 (2017)
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Figure 1. Snapshots of our N-body model which show the the face-on (top, 3rd and 5th panels) and edge-on (2nd, 4th and bottom
panels) images of the thick1, thick2 and thin disc components, respectively.
Table 1. N-body model parameters.
Thick1 Thick2 Thin
Md,thick1 Rd,thick1 zd,thick1 Np,thick1 Md,thick2 Rd,thick2 zd,thick2 Np,thick2 Md,thin Rd,thin zd,thin Np,thin
M⊙ kpc kpc M⊙ kpc kpc M⊙ kpc kpc
1.0 × 1010 2.0 1.0 1,000,000 5.0 × 109 3.0 0.5 500,000 4.5 × 1010 3.5 0.25 4,500,000
the more compact disc component, though the effect is not
significant (see also Aumer et al. 2016).
For all the components, the RMS height is smaller in
the central regions, as a result of the deeper gravitational
potential. In the outer region, R >∼ 3 kpc, the RMS height
becomes larger compared to the initial state. This is mainly
due to the combination of heating, which can be seen as an
increase in σz in the bottom panel, and enhanced vertical
oscillations of the stars that migrated outward. The latter
mechanism is caused by higher initial vertical action for the
outward migrators than the non-migrated ones, because of
the deeper gravitational potential in the inner region (e.g.
Minchev et al. 2012). Interestingly, thick1 disc shows an ob-
vious increase in < z2 >1/2 with radius, i.e. flaring. The
radial dependence of the scale-height for the thick disc is
still under debate. Using APOGEE data, Bovy et al. (2016)
showed that the chemically-defined thick disc has a constant
scale-height, independent of radii, as inferred from the anal-
ysis of mono-abundance populations of the Galactic disc.
On the other hand, Minchev et al. (2017) argued that the
mono-abundance populations are not same as the mono-
age populations, and the old chemically-defined thick disc
MNRAS 000, 1–13 (2017)
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Figure 2. The change in angular momentum between t = 0 and
8 Gyr as a function of the initial angular momentum for thick1
(left), thick2 (middle) and thin (right) disc components. The
colour indicates the particle density normalised with the num-
ber of particles for each component (redder colour corresponds to
higher density).
population can have a flared disc. This idea is supported
by Mackereth et al. (2017), who analysed mono-age compo-
nents of mono-abundance populations in the APOGEE data,
and found that the old mono-age thick disc component shows
flaring (see also Robin et al. 2014). Although the structure
of our disc components is beyond the scope of this study, it
is interesting to note that, in our simulations, radial mixing
leads to a flaring thick disc.
The thin disc of our simulation is too hot compared
to the velocity dispersion of stars in the solar neighbour-
hood. Our thin disc stars in 7.5 < R < 8.5 kpc and
−0.5 < z < 0.5 kpc have velocity dispersions of (σR, σφ, σz) =
(48.2, 36.5, 16.3) km s−1, while the solar neighbourhood thin
disc stars defined as [α/Fe]< 0.1 measured in Gaia DR1 com-
bined with APOGEE data shows (37±2, 23±1, 18±1) km s−1
(Allende Prieto et al. 2016). In this idealised numerical ex-
periment, we do not include newly formed stars, and those
would add kinematically colder stars to the thin disc com-
ponent (e.g. Sellwood & Carlberg 1984; Aumer et al. 2016).
This simplification leads to a velocity dispersion of the thin
disc that is too high at t = 8 Gyr. In this paper, we focus on
the thick disc, and the thin disc component is merely used as
a driver of radial mixing. We do not analyse the properties
of the thin disc component, and therefore, this discrepancy
is unlikely to be an issue for our qualitative study of the
effect of radial mixing on the metallicity distribution of the
thick disc.
The relatively high velocity dispersion mentioned above
implies that our N-body simulation likely overestimates ra-
dial mixing by radial scattering mainly due to the bar forma-
tion, compared to what is expected to happen in the Milky
Way. On the other hand, a high velocity dispersion weak-
ens the spiral arms and reduces co-rotation radial migra-
tion, which underestimates radial mixing. Because we do
not know what is the degree of radial mixing in the Milky
Way, it is difficult to assess whether or not our simulation
has an appropriate level of radial mixing for the thick disc
compared to the Milky Way. However, as seen in Fig. 2, both
thick disc components experience significant radial mixing.
Hence, our numerical experiment is suitable to provide a
qualitative evaluation of how radial mixing affects the ra-
dial and vertical metallicity gradient, but we will avoid a
quantitative discussion.
Fig. 4 shows the [α/Fe] and [Fe/H] distribution of
APOGEE stars in Sloan Digital Sky Survey (SDSS) data
release 12 from Hayden et al. (2015). Although the data
Figure 3. Radial profiles of cumulative specific angular momen-
tum (top), surface mass density (2nd), root mean square height
(3rd) and velocity dispersion of radial (4th), azimuthal (5th) and
vertical (bottom) direction for thick1 (thicker red), thick2 (thick
black) and thin (thin blue) disc components at t = 0 (dashed
lines) and t = 8 Gyr (solid lines).
MNRAS 000, 1–13 (2017)
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Figure 4. [α/Fe] as a function of [Fe/H] for APOGEE data from
Hayden et al. (2015). Black (grey) dots indicate the selected thick
(thin) disc stars.
show two distinct sequences for the [α/Fe] and [Fe/H] re-
lation, there is no obvious definition for chemically iden-
tified thick and thin disc stars. In this paper, we define
thick disc stars to be [α/Fe] > 0.17 at [Fe/H]< −0.6 and
[α/Fe] > −0.0875([Fe/H] − 0.2) + 0.1 at [Fe/H]> −0.6, which
shows a reasonable division of the sequences in Fig. 4. We
consider that these chemically-defined thick disc stars rep-
resent the old thick disc population, and we refer to them as
the APOGEE thick disc stars. We explore what radial and
vertical metallicity gradients are allowed in the thick disc
when is born, to explain the MDF of the APOGEE thick
disc stars at different radii and vertical heights.
3.1 Single metallicity distribution case
First, we assume both the thick1 and thick2 discs to have the
same initial metallicity distribution. We call this Case C1.
Grey lines and error bars in Fig. 5 represent the MDF for
the APOGEE thick disc stars at different radial and height
regions. We divide the sample of stars within 3 < R < 13 kpc
with a 2 kpc bin size, and 3 different height bins of 0 < |z | <
0.5, 0.5 < |z | < 1 and 1 < |z | < 2 kpc. The error bars corre-
spond to Poissonian statistical errors. We run MCMC with 4
parameters, the initial R = 0 and |z | = 0 metallicity, [Fe/H]0,
radial metallicity gradient, (d[Fe/H]/dR)0, vertical metal-
licity gradient, (d[Fe/H]/dz)0, and metallicity dispersion,
σ[Fe/H],0, at t = 0, to explore what parameter set would best
match with the APOGEE thick disc MDFs. For each MCMC
chain, we assign [Fe/H] to particles using the position at
t = 0 to follow the parameters of [Fe/H]0, (d[Fe/H]/dR)0,
(d[Fe/H]/dz)0 and σ[Fe/H],0. We also add Gaussian random
errors to [Fe/H] of 0.05 dex to take into account the typ-
ical observational errors for APOGEE data (Hayden et al.
2015). Then, using their position at t = 8 Gyr, we analyse
the MDF in the same volumes as for the APOGEE thick
disc data in Fig. 5, and calculate the following log likelihood
function.
ln L = −1
2
∑
i

(dN([Fe/H]i,model) − dN([Fe/H]i,obs))2
σ2[Fe/H]i,obs
+ ln(2πσ[Fe/H]i,obs)
]
, (5)
where dN([Fe/H]i) are the normalised number of APOGEE
thick disc stars or model particles which are in the i-th
[Fe/H] bin, and i indicates each [Fe/H]i bin in the MDFs
for all different volumes described above, except at the lo-
cation where dN([Fe/H]i,obs) = 0. We define the observa-
tional errors, σ[Fe/H]i,obs, of the dN([Fe/H]i) as Poisson er-
rors from the number of stars in each bin. We use flat
priors in the ranges of −2.0 < [Fe/H]0 < 2.0 dex, −0.5 <
(d[Fe/H]/dR)0 < 0.5 dex kpc−1, −1.0 < (d[Fe/H]/dz)0 <
1.0 dex kpc−1 and 0.0 < σ[Fe/H],0 < 1.0 dex. We use em-
cee (Foreman-Mackey et al. 2013) for the MCMC sampler,
and use 128 walkers and 2,000 chains. We call this as-
signing [Fe/H] to particles with ”MCMC chemical paint-
ing” or ”MCMC painting”. Note that chemically painting N-
body particles has been used in Minchev et al. (2013, 2014);
Kubryk et al. (2013, 2015) where a chemical evolution model
is used to assign metallicities to the particles. Our method
is simpler, but allows us to fit the observational data with
MCMC in a reasonable computational time. Hence, these
different methods are complementary to each other.
The best fit parameters found with the MCMC chem-
ical painting analysis are shown in Table 2 and the MDFs
of the best model are shown in Fig. 5 (black lines). Our
MCMC painting analysis for Case C1 suggests that a pos-
itive radial metallicity gradient of (d[Fe/H]/dR)0 = 0.023 ±
0.002 dex kpc−1 for the initial disc is preferred to repro-
duce the observed MDF. A positive metallicity gradient may
come as a surprise, because this is rare in disc galaxies. How-
ever, we find that this is required to reproduce the flat radial
metallicity gradient and the negative vertical metallicity gra-
dient observed in the thick disc of the Milky Way at present.
We measured the radial metallicity gradient of the
APOGEE thick disc stars in the region 3 < R < 13 kpc
and the vertical height within |z | < 2 kpc, and found
d[Fe/H]/dR= 0.0005±0.0014 dex kpc−1 as shown in Table 3.
We also measured the vertical metallicity gradient in the re-
gion of 7 < R < 9 kpc, and found d[Fe/H]/dz= −0.1760 ±
0.0068 dex kpc−1 at |z | < 2 kpc. As mentioned in Section 1,
the thick disc stars have a flat radial metallicity gradient
and a clear negative vertical metallicity gradient. We also
measured the radial metallicity gradients in the same re-
gions with the same way for our best fit model at t = 8 Gyr
(Tab. 3). We found d[Fe/H]/dR= 0.0144 ± 0.0001 dex kpc−1,
which is reasonably similar to the flat radial metallicity gra-
dient found from the APOGEE thick disc stars1. Hence,
radial mixing induced by the bar and spiral arms seems to
have effectively flattened the radial metallicity gradient from
the initially assumed positive metallicity gradient. An im-
portant mechanism is that the stars brought from the inner
(outer) region due to the radial mixing tend to populate the
high (low) vertical height region, as shown in Kawata et al.
1 Interestingly, there is a hint of positive radial metallicity gradi-
ent of the old thick disc discussed in Fig. 18 of Casagrande et al.
(2011).
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Table 2. Results of the MCMC fitting
Thick1+Thick2 or Thick1 only Thick2
Case [Fe/H]0 (d[Fe/H]/dR)0 (d[Fe/H]/dz)0 σ[Fe/H],0 [Fe/H]0 (d[Fe/H]/dR)0 (d[Fe/H]/dz)0 σ[Fe/H],0
dex dex kpc−1 dex kpc−1 dex dex dex kpc−1 dex kpc−1 dex
C1 −0.289 ± 0.016 0.023 ± 0.002 −0.242 ± 0.008 0.192 ± 0.003 − − − −
C2 −0.271 ± 0.022 0.012 ± 0.004 −0.206 ± 0.012 0.151 ± 0.006 0.451 ± 0.033 −0.048 ± 0.005 −0.726 ± 0.040 0.131 ± 0.014
Figure 5. Metallicity distribution function (MDF) of the APOGEE thick disc stars (grey lines with error bars) and the best fit model
of Case C1 (black solid line) at different radial and heights. The top, middle and bottom panel correspond to MDFs in 0 < |z | < 0.5,
0.5 < |z | < 1 and 1 < |z | < 2 kpc volumes, respectively. Left, 2nd-left, middle, 2nd-right and right panels show MDFs in the radial region
of 3 < R < 5, 5 < R < 7, 7 < R < 9, 9 < R < 11 and 11 < R < 13 kpc, respectively.
Table 3. Radial and Vertical Metallicity Gradients.
Case d[Fe/H]/dRa d[Fe/H]/dzb
dex kpc−1 dex kpc−1
APOGEE 0.0005 ± 0.0014 −0.1760 ± 0.0068
C1(t = 8) 0.0144 ± 0.0001 −0.1173 ± 0.0015
C2(t = 8) 0.0020 ± 0.0001 −0.1477 ± 0.0015
C2(t = 0) −0.0066 ± 0.0006 −0.3537 ± 0.0014
C2 thick1(t = 8) 0.0072 ± 0.0001 −0.0757 ± 0.0015
C2 thick2(t = 8) −0.0204 ± 0.0002 −0.1717 ± 0.0037
a Radial metallicity gradient at 3 < R < 13 kpc and |z | < 2.0 kpc.
b Vertical metallicity gradient at 7 < R < 9 kpc and |z | < 2.0 kpc.
(2017). Hence, if there is initially a negative radial metal-
licity gradient, radial mixing will make the vertical metal-
licity gradient positive, which is inconsistent with the clear
negative vertical metallicity gradient seen in the APOGEE
data. This is why our MCMC result arrived at a positive
radial metallicity gradient for the initial disc; to reproduce
the negative vertical metallicity gradient after radial mixing
brought stars from the inner disc and populated with them
the regions far from the plane. This result suggests that the
negative vertical metallicity gradient observed in the thick
disc of the Milky Way provides a strong constraint on the
overall radial metallicity gradient of the thick disc progenitor
and calls for a positive radial metallicity gradient.
Fig. 5 shows the best model MDF misses higher metal-
licity stars at |z | < 0.5 kpc, which explains the shallower
vertical metallicity gradient of the best model of Case C1
compared to the APOGEE thick disc data, as seen in Ta-
ble 3. Still, this is the best model found by our MCMC run
with the one component model. This model is informative to
understand the general requirement to explain the observed
MDF of the APOGEE thick disc data. However, this incon-
sistency indicates that we need more components to explain
the observed MDF. Hence, in the next section, we consider
a two component model.
3.2 Double metallicity distribution case
We now consider the thick1 and thick2 discs separately, i.e.
we allow different radial and vertical metallicity gradients
to be assigned for these two discs. We run MCMC with 8
parameters, i.e. two different sets of [Fe/H]0, (d[Fe/H]/dR)0,
(d[Fe/H]/dz)0 and σ[Fe/H],0 for thick1 and thick2 discs at
t = 0, and analyse the log likelihood in the same way as
equation (5) in previous section. We set the same flat priors
as mentioned in Section 3.1. We call this Case C2.
The best fit parameters for Case C2 are summarised in
Table 2, and the MDFs of the best fit model are shown in
Fig. 6. Fig. 6 shows that the two component disc case re-
produces better the APOGEE thick disc data than Case C1.
The higher metallicity tails of the MDFs at |z | < 0.5 kpc and
R < 9 kpc are described better. Overestimates of high metal-
licity stars at 1 < |z | < 2 kpc and R > 11 kpc in Case C1 are
mitigated in Case C2.
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Figure 6. Same as Fig. 5 but for Case C2.
Figure 7. Radial metallicity distribution of the whole disc (top)
and thick1 (middle) and thick2 (bottom) disc components for
Case C2 at t = 0 (left) and t = 8 (right) Gyr. The points with error
bars in the right panels show the mean metallicity of each radial
bin which we used for a linear regression (solid line) summarised
in Table. 3. The error bars describe the uncertainty in the mean,
i.e. σ/√N , where σ is dispersion and N is number of particle in
each bin, which are very small.
There are some regions where our best fit model of
Case C2 still struggles to reproduce the observed MDF.
However, it is not our aim to reproduce the observed MDF
perfectly. We are using only one N-body simulation result
with one evolution history. The aim of this paper is to qual-
itatively discuss the effect of radial mixing on the thick disc
metallicity distribution, and not to find the best evolution
history of the Galactic disc. Therefore, we consider that we
have a reasonable success in qualitatively reproducing the
APOGEE data, and discuss what we can learn from the
fact that two component case is better than one component
case.
Table 2 shows that to reproduce the APOGEE thick
disc MDF, the thick1 disc should have a positive ra-
dial metallicity gradient of (d[Fe/H]/dR)0 = 0.012 ±
0.004 dex kpc−1, like Case C1, while the thick2 disc
should have a negative radial metallicity gradient of
(d[Fe/H]/dR)0 = −0.048 ± 0.005 dex kpc−1. Also, the slope
required for the thick1 disc is shallower than the slope re-
quired for Case C1. Note that the thick1 disc is more massive
than the thick2 disc, and the thick1 disc is thicker in scale
height and smaller in scale radius. Our best fit MCMC result
shows that the thick2 disc should be more metal rich than
the thick1 disc. Hence, if we combine the thick1 and thick2
discs, the inner, higher regions are dominated by the metal
poor thick1 disc, and the outer region and lower height re-
gion is more dominated by the metal rich thick2 disc. As a
result, this combined disc provides a similar metallicity dis-
tribution to a single positive radial metallicity gradient in
Case C1. We measured the overall radial metallicity gradi-
ent at t = 0 for the best model of Case C2 in the same way as
Section 3.1, and found d[Fe/H]/dR= −0.0066±0.0006, which
is almost flat or slightly negative (labeled ”C2 (t=0)” in Ta-
ble 3). However, note that we measured the metallicity gra-
dients in Table 3 by a linear regression of the mean [Fe/H] of
all the particles of both thick1 and thick2 discs at radial and
vertical bins. In other words, this does not take into account
the density variations with radii. Hence, this result likely
underestimates the contribution of the metal poor particles
in the inner region from the thick1 disc. Fig. 7 shows the
radial metallicity distribution for the whole disc and thick1
and thick2 disc components at t = 0 and 8 Gyr. In fact, metal
poor particles are dominant in the inner region, but they are
not contributing to our linear regression, because our linear
regression is done outside of this region, as seen in the top
right panel of Fig. 7. We therefore consider that, overall, the
best model in Case C2 has more metal poor stars in the
inner region and more metal rich stars in the outer region.
As discussed in Section 3.1, this is required to reproduce the
negative vertical metallicity gradient in the APOGEE data.
We conclude that the thick disc of the Milky Way
can be explained with two or multiple generations of the
discs. Considering the age-metallicity relation (older thick
disc stars having lower [Fe/H]) observed in the thick disc
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(Haywood et al. 2013; Bensby et al. 2014; Bergemann et al.
2014), we can suggest a scenario where a thicker and smaller
thick1-like disc formed first, and then later a more metal
rich thinner and larger thick2-like disc was built up. Al-
ternatively and more naturally, the thick disc was built
up by gradually increasing in radial size and metallicity,
and decreasing in thickness, i.e. an inside-out and upside-
down fashion (Brook et al. 2006; Bird et al. 2012). In the
latter scenario, the earlier generations of the thick disc
are more metal poor and more compact, which leads to
an overall positive radial metallicity gradient, despite in-
dividual generations of the disc can have had a flatter or
even negative radial metallicity gradient. This is first shown
in Fig. 10 of Minchev et al. (2014) and also discussed in
Scho¨nrich & McMillan (2017). These results mean that the
inside-out formation can allow the thick disc star-forming
region to have a variety of radial metallicity gradients. This
helps to explain the range of radial metallicity gradients ob-
served in high redshift disc galaxies, as mentioned in Sec-
tion 1. On the other hand, radial mixing limits the range of
radial metallicity gradient possible for the thick disc progen-
itor, since the current thick disc has a clear negative vertical
metallicity gradient.
It is worth noting that the preferred solution for the
thick2 disc is an initial steep vertical metallicity gradient of
d[Fe/H]/dz= −0.726 ± 0.040. This is required to reproduce
the negative vertical metallicity gradient in APOGEE data,
because the negative radial metallicity gradient and radial
mixing make the vertical metallicity gradient more positive.
It is difficult to imagine the star forming gas disc having such
a steep vertical metallicity gradient, especially if turbulent
mixing is strong in high redshift galaxies (Yang & Krumholz
2012; Grand et al. 2014; Petit et al. 2015). If we assume that
metal mixing is effective and there should be no vertical
metallicity gradient in the star forming disc at a fixed time,
the steep vertical metallicity gradient indicates that the co-
eval population of the thick disc progenitor forming at dif-
ferent epochs gradually became thinner with time, and later
populations are more metal rich. Then, the overall negative
vertical metallicity gradient can be established by the thick
disc built up in an upside-down fashion, with younger pop-
ulations having higher [Fe/H]. Hence, to describe the thick
disc formation, we need to consider multiple-generations of
discs with different radial sizes and thicknesses and different
metallicities or smooth growth of the disc, rather than only
a two component disc.
3.3 [Fe/H] and the Rotation Velocity Relationship
The thick disc stars defined by their [α/Fe] abundance
have a distinctive feature in the [Fe/H]-Vφ relation, com-
pared to the chemically-defined thin disc in the solar neigh-
bourhood stars. Observational studies demonstrate that
thick disc stars have a positive slope of dVφ/d[Fe/H],
while the thin disc stars show a negative slope (e.g.
Spagna et al. 2010; Lee et al. 2011; Adibekyan et al. 2013;
Recio-Blanco et al. 2014; Allende Prieto et al. 2016). There
are several theoretical possibilities to explain this trend (e.g.
Loebman et al. 2011; Curir et al. 2012; Allende Prieto et al.
2016; Scho¨nrich & McMillan 2017). In this section, we dis-
cuss the [Fe/H]-Vφ relation for the thick disc only, given
it is the focus of this paper. Note that the negative gra-
dient dVφ/d[Fe/H] for the thin disc can be easily ex-
plained by the observed radial metallicity gradient and
stellar epicycle motion, i.e. blurring (Vera-Ciro et al. 2014;
Allende Prieto et al. 2016).
Fig. 8 shows the rotation velocity, Vφ, as a function of
[Fe/H] for the thick disc particles for the best model for
Cases C1 and C2 and thick1 and thick2 discs in Case C2.
As discussed in Curir et al. (2012); Allende Prieto et al.
(2016); Scho¨nrich & McMillan (2017), a positive slope of
dVφ/d[Fe/H] can be explained with an overall positive ra-
dial metallicity gradient, which explains the clear positive
slope in Case C1 and thick1 disc in Case C2. In these cases,
the stars whose guiding radius is smaller (larger) are more
metal poor (rich), and tend to be rotating slower (faster),
because they tend to be near apocentre (pericentre) phase.
This is due to the blurring effect, not due to churning, i.e.
the change in angular momentum. The steeper slope in the
inner region is due to the increase in the velocity disper-
sion in the inner disc (see Fig. 3), which leads to a stronger
change in Vφ at a given radius.
It is interesting that in Case C1 and thick1 disc in
Case C2 the slope of dVφ/d[Fe/H] is minimum at R = 8 kpc,
and becomes steeper at R > 8 kpc. We found that this is be-
cause around R = 8 kpc churning is most effective. The top
panels of Fig. 9 show the initial radii, Rini, of particles at
R = 4, 8 and 12 kpc at t = 8 Gyr. In the inner (outer) region,
i.e. at R = 4 (12) kpc, more particles came from the outer
(inner) disc, i.e. Rini is larger (smaller) than the current ra-
dius, because of loss (gain) of angular momentum. On the
other hand, at R = 8 kpc the particles came from both inner
and outer region. We calculated the guiding radius, Rg, at
t = 8 Gyr, by comparing angular momentum of the particles
and the circular velocity at the disc plane, which are shown
in the middle panels of Fig. 9. It is interesting to see that the
guiding radius tends to be smaller (higher) than the current
radius for the particles which lost (gained) their angular mo-
mentum. For example, for the particles at R = 8 kpc, those
with negative (positive) ∆L tend to have smaller (larger)
Rg than the red line of R = 8 kpc in the middle panel of
Fig. 9. As a result, the particles that lost (gained) angu-
lar momentum tend to be detected at apocentre (pericen-
tre) phase, and therefore are rotating more slowly (faster).
The particles from larger (smaller) Rini are more metal rich
(poor), because of the initial positive radial metallicity gra-
dient in Case C1. Consequently, the particles which changed
their guiding centre from the outer (inner) region to the in-
ner (outer) region contributes more to the metal rich (poor)
and slowly (fast) rotating region in the [Fe/H]-Vφ relation,
flattening a positive slope of dVφ/d[Fe/H]. This result im-
plies that churning can flatten a positive dVφ/d[Fe/H] slope.
We also confirmed that if we picked up particles with small
|∆L |, the dVφ/d[Fe/H] slope is more positive in Case C1.
Because at R = 8 kpc there are particles that came from
both sides of the disc, dVφ/d[Fe/H] becomes more flatten by
churning. Some indication of this kind of trend is observed
in Kordopatis et al. (2017).
It is interesting that the thick2 disc shows negative
dVφ/d[Fe/H] slopes at all radii. It is basically the same mech-
anism as the thin disc case as discussed above, i.e. blurring
and negative radial metallicity gradient drives a negative
dVφ/d[Fe/H] slope. Because the outer region is dominated
by the thick2 disc in Case C2, the slope of dVφ/d[Fe/H] be-
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Figure 8. Rotation velocity, Vφ as a function of [Fe/H] for the thick disc particles for the best model at the radius of of R = 4 (left), 6
(2nd left), 8 (middle), 10 (2nd right) and 12 (right) kpc for Case C1 (top), Case C2 (2nd) and thick1 (3rd) and thick2 discs in Case C2
(bottom).
Figure 9. Radius at t = 0, Rini (top), guiding radius, Rg (middle)
and the rotation velocity, Vφ (bottom) as a function of the change
in angular momentum between t = 0 and 8 Gyr for the particles
at R = 4 (left), 8 (middle) and 12 (right) kpc for Case C1. The
horizontal red lines in the top and middle panels show the current
radius, i.e. R = 4, 8 and 12 kpc for the left, middle and right panels,
respectively
comes shallower, or even negative, in the outer disc (2nd
top panels in Fig. 8). We expect that if the thick disc was
built up in an inside-out fashion and the star forming disc
at different epochs had a negative radial metallicity gradi-
ent, an mono-age thick disc population at z = 0 could have
a negative dVφ/d[Fe/H] like the thick2 disc. Then, the over-
all dVφ/d[Fe/H] as a function of radius for the thick disc
depend on the inside-out formation history and the radial
metallicity gradient for each mono-age population.
At R = 8 kpc, our models show too shallow slope of
dVφ/d[Fe/H], compared to the observed one for the Galactic
thick disc, e.g. one of the shallowest slope of dVφ/d[Fe/H]=
23 ± 10 km s−1 is reported in (Allende Prieto et al. 2016).
If the thick disc consists of many generations of discs with
different thickness, scale-length and [Fe/H], we can change
this slope by adjusting it to reproduce the observed slopes, as
Scho¨nrich & McMillan (2017) demonstrated. However, such
work is beyond the scope of this paper. Our qualitative study
demonstrates that an overall positive dVφ/d[Fe/H] slope can
be driven by an overall positive radial metallicity gradient,
and radial mixing of churning does flatten this slope. Hence,
the measurement of dVφ/d[Fe/H] as a function of radius for
different mono-age populations provides strong constraints
on the formation history of the thick disc.
4 SUMMARY AND DISCUSSION
Combining an idealised N-body model of a disc galaxy sim-
ilar in size to the Milky Way with a new MCMC chemical
painting technique, we explore what metallicity distribution
for the thick disc progenitor is needed, to explain the current
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thick disc metallicity distribution observed by the APOGEE
survey. The main assumptions in our study are that thick
disc formation was completed a long time (8 Gyr) ago and
the thick disc stars experienced effective radial mixing for
a long time since then. In addition, we assumed that the
vertical scale height of the overall thick disc component is
constant at different radii. Our key findings are the follow-
ings.
(i) The current flat radial metallicity gradient and neg-
ative vertical metallicity gradient of the thick disc stars ob-
served in the APOGEE data provide strong constraints on
the radial metallicity gradient for the thick disc progenitor;
it should be flat or even positive. A negative radial metallic-
ity gradient is not likely. This is because radial mixing with
a negative radial metallicity gradient leads to a positive ver-
tical metallicity gradient as demonstrated in Kawata et al.
(2017), which is in conflict with observations.
(ii) Two or more components for the thick disc can ex-
plain better the MDF of the thick disc stars. Our result
supports a scenario in which the thick disc formed in an
inside-out and upside-down fashion, and an older, thicker
and smaller disc is more metal poor. In this case, each
generation of thick disc could have an initial negative ra-
dial metallicity gradient. Then, inside-out formation and
age-metallicity relation produced an overall flat or positive
metallicity gradient when their formation was completed.
(iii) Hence, the inside-out formation can allow the thick
disc star-forming region to have a variety of (positive, flat
or negative) radial metallicity gradients. This helps to ex-
plain the variety of radial metallicity gradients observed at
high redshift disc galaxies. On the other hand, radial mixing
rather limits the range of allowed radial metallicity gradient
as discussed in (i).
(iv) The overall positive radial metallicity gradient,
built-up by inside-out formation and the age-metallicity
relation, helps to explain a positive dVφ/d[Fe/H] slope
observed for the thick disc stars, as suggested by
Scho¨nrich & McMillan (2017). In this case, radial mixing
flattens the positive dVφ/d[Fe/H] slope, especially around
the solar radius.
To our knowledge, (i) and (iii) are new find-
ing, although (iii) can be inferred from the results of
Scho¨nrich & McMillan (2017). (ii) is consistent with the sce-
nario discussed in the semi-analytic chemo-dynamical model
of Scho¨nrich & McMillan (2017) and in the cosmologically
motivated chemo-dynamical model of Minchev et al. (2014).
The first part of (iv) is an independent confirmation of the
scenario suggested by Scho¨nrich & McMillan (2017), but the
radial dependence of the dVφ/d[Fe/H] slope is discussed here
for the first time. These results indicate that if the thick
disc formed in an inside-out and upside-down fashion with
a clear age-metallicity relation, different generations of the
thick disc progenitor should have associated different chemo-
dynamical structures, i.e. different sizes and radial metallic-
ity gradients and different dVφ/d[Fe/H] slopes at different
radii. If we could measure the age of the old stars accurately
enough, we would expect that the older thick disc would be
smaller and more metal poor, and each generation of the
thick disc would exhibit a more negative radial metallicity
gradient than the overall gradient of the thick disc. Also,
dVφ/d[Fe/H] for a mono-age thick disc population would be
flatter or even negative (if their radial metallicity gradient
is also negative).
Unfortunately, the thick disc formation time-scale is
relatively short (a few Gyr, e.g. Haywood et al. 2013). It
may be challenging to divide the sample of thick disc stars
into age bins fine enough to test this scenario. Hence, this
would be a key challenge for future work on Galactic ar-
chaeology. The European Space Agency (ESA)’s Gaia mis-
sion will soon provide us accurate distance and photometric
information supplemented with metallicity measurements
from high-resolution spectroscopic surveys. The data will
bring age estimates for turn-off stars from well-calibrated
isochrones. In addition, for both dwarf and giants, astero-
seismology will provide age estimates from the high-quality
light-curve data from the on-going K2 mission with Kepler
(e.g. Stello et al. 2015) and up-coming TESS and Plato mis-
sions (e.g. Miglio et al. 2017). Our study demonstrates that
fitting such observational data with N-body simulations with
MCMC painting would be a valuable tool to understand the
building history of the Galactic disc. In this paper, we only
used one simplified simulation model without any growth
of the disc mass. Encouraged by the success of this study,
we will further develop N-body disc models including the
growth of the disc, as in Aumer et al. (2016), and run many
different models with various formation scenarios. Combin-
ing N-body simulation models and MCMC painting against
future observational data must help us to decipher the for-
mation and evolution of the Milky Way disc.
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